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The particle method SPH is applied to one-dimensional shock tube problems by incor-
porating an artificial viscosity into the equations of motion. When the artificial viscosity is
either a bulk viscosity or the Von Neumann—Richtmyer viscosity, in a form analogous to that
for finite differences, the results show either excessive oscillation or excessive smearing of the
shock front. The reason for the excessive particle oscillation is that, in the standard form, the
artificial viscosity cannot dampen irregular motion on the scale of the particle separation
since that scale is usually less than the resolution of the interpolating kernel. We propose a
new form of artificial viscosity which eliminates this problem. The resuiting shock simulation
has negligible oscillation and satisfactorily sharp discontinuities. Results with a gaussian inter-
polating kernel (with second-order errors) are shown to be greatly inferior to those with a
super gaussian kernel (with fourth-order errors).

1. INTRODUCTION

When applying particle methods to the simulation of shocks it is convenient to use
the artificial viscosities proposed and tested for finite difference methods {Roache,
1975). These artificial viscosities can be considered as forms of viscous pressure, and
they can be easily included in the equations of motion.

In order to calculate the viscous pressure it is first necessary to calculate the
divergence of the velocity, V - v. For particle methods which use a grid, V - v can be
calculated by finite differences. For a particle method such as SPH (smoothed
particle hydrodynamics) (Gingold and Monaghan, 1977, 1982; Monaghan, 1982)
V -v can be calculated using an interpolating kernel with the particles as inter-
polating points. The length scales V - v are therefore bounded below either by the
resolution of the grid or the resolution of the interpolating kernel. However, in order
to maintain reasonable accuracy, the resolution length scale must be much greater
than the typical separation of the particles, and irregular motion on this latter scale is
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then only weakly affected by the artificial viscosity. The scale separation creates
problems in shock transitions for two reasons. The first is that in the high-density
side of the shock the scale separation is exacerbated. The second is that, in the shock
transition, the particles mimic molecules and, in the absence of an appropriate
artificial viscosity, the shock is simulated by inducing irregular particle motions on
length scales corresponding to the particle separation. Artificial viscosities calculated
in the usual way are very inefficient at damping this irregular motion. They can be
made to do so by increasing the artificial viscosity, but the result is excessive
broadening of the shock front. Experiments confirming these ideas are described in
Section 3 of this paper.

It is clear that a particle method requires a damping term which acts more directly
on the relative motion of particles. In Section 4 we describe a new artificial viscosity
which is equivalent to a bulk viscosity but which acts effectively on irregular motion
on the short scale. Experiments described in Section 5 confirm that this artificial
viscosity produces negligible oscillation and good resolution of the shock front and
contact discontinuity.

Recent theory and experiment with finite difference methods (Van Leer, 1979)
show that methods which have third-order accuracy, when used correctly, give
excellent results for shock transitions. In this paper we compare results using a
gaussian kernel, which has first-order accuracy, with those using a super gaussian
kernel which interpolates with third-order accuracy. The latter gives excellent results
which rival those found by Sod (1978) for the best of a variety of finite difference
methods.

In the following section we establish the equations of motion from the exact
equations using the ideas and formalism of Monaghan (1982).

2. EQUATIONS OF MOTION

The SPH equations, like those for other particle methods, were first derived by
intuitive methods (Lucy, 1977; Gingold and Monaghan, 1977). Recently (Monaghan,
1982) it has been shown how the SPH equations can be derived from the exact
equations of motion. The formalism used for this purpose can also be applied to
spectral and finite difference methods which are then seen to differ from particle
methods by (a) using a different interpolating kernel, and (b) not using (in general)
interpolating points which move with the fluid. The main points of the analysis are
the following:

(i) All interpolation methods involving linear operations on the function inter-
polated (e.g., spectral or local polynomial interpolation) can be written in the form

<A(r)>=j A() W(r, o', h) dr’, @.1)
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where A(r) is the function interpolated, D is the domain, and W is a kernel with the
following properties:

() jD Wt h)dr' >1  as h—0. (2.2)

(b) If A(r) is a continuous function
{A(r)) - A(r) as h-0. 2.3)

The kernel therefore mimics a delta function and it does so more closely as £ — 0.

(i) If the interpolation points are distributed in space with number density
n(r) then {4) can be approximated by

Aa.
SN LW, r;, h), (2.4)
U]

where, for any function B, B;=B(r;). If the domain is one dimensional, and the
points are equi-separated, the choice of an appropriate kernel allows all the standard
interpolation formula to be recovered from (2.4). The expression (2.4) for (4) is the
general SPH interpolation formula.

(iii) Equations for numerical work can be constructed by multiplying each
term of the exact equations by the kernel and integrating over the domain where a
solution is required. Integration by parts with, if necessary, approximations for
nonlinear terms gives the equations for numerical work.

The Momentum Equation

We first consider inviscid flow for which the momentum equation is

dv 1
—=——Vp. 2.
T o P (2.5)
Following (iii) we find
dv 1
LZE Wi, ', h)dr' = ~ID7VpW(r, v, h)dr'. (2.6)

It is sufficiently general for most purposes to assume that

W, ', h)= W(jr —r'|, h). 27

A consequence of this assumption is that for any function ¢

(V6)=V($)+ | $(") W(lx—r'|, h)nda, 28)
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where the surface integral is over the surface S of the domain D. For the problems we
consider all the variables vanish on the surface and we can take

(Vg) = V{g). (2.9)

In general, however, surface terms appear in the equations of motion.
Since the RHS of (2.6) involves the nonlinear combination Vp/p we need further
approximations to evaluate the integral. An obvious approximation is to choose

(G- N 2.10)

but if exact conservation of linear and angular momentum is required it is better to
note that

Vp (p) p
— =V (= +—V R 2.11
p p p? p ( )

so that (2.6) can be approximated by

)= ) o

No special interpolation method has yet been specified. We now specialize to particle
methods. We assign a mass m to each interpolation point and call it a particle, and
we move the particle with the acceleration an element of fluid would experience at the
position of the particle.

If we assign a mass to each particle the density p is given by

mn(r). (2.13)

Referring to (2.4) we find (dropping angle brackets for convenience) that (2.12)
becomes, at particle i,

dv; ul (Pj Pi)
7= (B ) v, (2.14)

where W, = W(r,—r;|,h) and V, denotes the gradient taken with respect to the
coordinate r;.

An artificial viscosity in the form of a viscous pressure g can be included in the
equation of motion by replacing p in (2.14) by p + q. The new system of equations
conserves total linear and angular momentum exactly.

It can be shown (Monaghan, 1982) that if the same procedure is applied to the

581/52/2-11
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continuity equation it leads to an equation for the time change of the interpolated
density

Pp))y=m Z W(r—r, h) (2.15)

which is satisfied automatically locally (that is, at each particle). Total mass is, of
course, conserved exactly.

The Energy Equation

The energy equation for particle methods can be derived directly from the exact
energy equation using the procedure described earlier (Monaghan, 1982). However,
in Section 4 we shall introduce an artificial viscosity which is not easily related to a
viscous term in the exact equations. It is therefore preferable to construct an energy
equation directly from (2.14) and use our knowledge of the exact energy equation to
guide the identification of the terms in the energy equation. From (2.14) we find

dav;
mZv,---——dt’ =—mZZZoijvi- V., (2.16)
i i
where
pitq, DPitagq;
— + . 2.17
i S 5 (2.17)

Interchanging the labels in the double summation we can write (2.16) in the form

dv, m?
vai-gvf=—7 Do VW 23 0 VW (218)
| I | t J

i

With the assumptions we have made, W;=W;, o;,=0; and V,W;=-V, W,.
Accordingly (2.18) can be written in the form

av; m?
vai'ﬁz_TZZ%"ii'V:’Ww (2.19)
i T

where v;=v;—v;,. The LHS of (2.19) is the rate of change of the total kinetic
energy. We provisionally identify

m
TZ Gijv,-j M Vl' Wij (2.20)
J
as the rate of change of thermal energy per unit mass at the position of particle i. If
our choice is correct (2.20) should be the particle representation of

—1—’V-v,

p
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when g = 0. The correspondence can be established by noting that

Py, L[:;z{v.(pv)_v.vav.("?p)_v.v(%)]. (2.21)

This somewhat surprising combination of terms is suggested by the relation (2.11)
which leads to (2.14). If the RHS is converted into the particle form using approx-
imations equivalent to those used in deriving (2.14) we recover (2.20).

If u, is the thermal energy per unit mass the thermal energy equation is

du; m ; i m
=72 (‘% +%) RIS (Z_,j?+%> v, VW, (222)
where the second term on the RHS of (2.22) is the viscous dissipation.

We could use the energy equation in this form since it would lead to exact energy
conservation. It is, however, preferable for our purposes to replace the first term on
the RHS of (2.22) by its exact equivalent so that (2.22) can be rewritten so as to give
the rate of change of entropy per unit mass s:

ds m q; q-)
y P AT T IRV v / 2.2
dt~ 25 (pf+p?, ot (223)

The advantage of this form is that a relatively crude algorithm for the integration of
(2.23) will give satisfactory results over the bulk of the flow. We have, however, used
both (2.22) and (2.23) in our calculations and the change in the results is negligible.

The Artificial Viscosity

For the present we consider two viscous pressures. These are (a) the Von
Neumann—Richtmyer viscous pressure defined by

g =aph*(V - v)%, V-v<0,

(2.24

= 0, V D> O’ )
where « is a constant, and (b) a bulk viscosity for which
= —aphcV - v, V.-v<90,

1 (2.25)

=0, V.v>0,

where @ is a constant and c is the speed of sound.
Both viscous pressures require the calculation of V . v. In the particle represen-
tation we can use either

mZVj . V,.W,-j,

(2.26)
7 P;
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or
2N v, VW, (2.27)
i 7
where the latter has been derived from the relation
1
V-v:;[V-(pv)—v—Vp]. (2.28)

The expression (2.27) is more accurate than (2.26); in particular it gives the correct
result when v is constant. In the calculations to be described in Section 3 we use
(2.27), but the results are very similar to those found when (2.26) is used.

As we noted in Section 1 the estimates of V -v are only weakly affected by
irregular variations of v on a scale </ since the other terms in the summations in
(2.26) or (2.27) vary slowly on a scale <k and only the average of the irregular
variations in v contributes to V - v. This average is small.

3. NUMERICAL RESULTS — STANDARD ARTIFICIAL VISCOSITY

We consider a shock tube problem for a perfect gas analogous to that considered
by Sod (1978). The initial conditions are

x<0; p=1, p=1

(3.1)
x> 0; p=0.25, p=0.2154.

In the absence of dissipation the energy equation becomes
p=A(s)p", (3.2)

with y = 1.4, and A(s) = 1 for those particles with x < 0 initially, and 4(s) = 1.25 for
those particles with x > O initially.

For the particle simulation we distribute N’ particles uniformly in 0 to 0.6 and 4N’
uniformly in —0.6 to 0.0. Typically we take N' =80 and # twice the particle
separation in the low-density region. No special boundary conditions are applied at
the end points since, for the time elapse we consider, effects at the end points do not
have time to propagate to the shock front and contact discontinuity which are near
x=0.

The time step J¢ is limited by the Courant condition. For the calculations to be
discussed here 8¢ = Min(0.34/c,), where ¢, is the speed of sound ar particle i.

The momentum equation was integrated using the leapfrog algorithm. The thermal
energy equation (2.23) was integrated by writing it in the form

44 _ A0 —1»

- 5 (3.3)
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where Q is the RHS of (2.23), and then updating 4 with the algorithm
AT = AL+ 8t(y — 1) p 0 Q/P™). (34)

This algorithm is only first-order accurate in the time but, as shown by the results in
Section §, it gives satisfactory accuracy once the correct artificial viscosity is used.
The interpolated pressure is calculated from (3.2) by first calculating {p4} then
setting

(p)=(ApXpy . (3.5)

For these calculations we use two interpolating kernels. The first is the gaussian

W(u, h) =—1——e‘"2/”2, (3.6)

A

which gives an interpolation error of O(k*). The second is the super gaussian

W(u, h)=Le""2/"2 (i—uz/hz), 3.7

h\/m 2

which gives interpolation errors of O(k*). For a given 4 the super gaussian kernel has
a better resolution than the gaussian kernel (3.6). When the kernel, or its derivative,
is required in the computation it is obtained by interpolation from an array. For this
reason the CPU time is independent of the kernel.

The expressions for the density, acceleration and viscous dissipation formally
involve a summation over all the particles. In practice this summation need only
include particles out to 3h. A substantial saving in time is achieved when N’ is large
(=150) by using cells as a bookkeeping device. If the particles are assigned to cells of
width 3A, and identified through linked lists, the calculation time is proportional to N
and not N? as it would be if the complete summation was performed. The procedure
for carrying this out is described in detail by Hockney and Eastwood (1981) in their
discussion of short-range forces in particle simulation models. The resulting algorithm
is nearly as quick as PIC, but has the advantage that the spatial resolution is superior
since it is approximately the particle separation not the cell width as in PIC.

The results for a typical calculation with the Von Neumann—Richtmyer and bulk
viscosities are compared with the exact solution in Fig. 1. The calculations use the
super gaussian kernel (3.7) with 2 =0.015. The numerical results show good
agreement with the exact solution for p and p, but the shock front is broadened over
~4h, The velocity shows the irregular oscillations discussed earlier. These
oscillations, being irregular and of short wavelength, have little effect on the p and p
profiles. The oscillations are particularly large in the case of the bulk viscosity (2.25)
where the amplitude of the oscillation reaches 30 percent of the correct velocity. By
increasing a by a factor 4 the post shock oscillations are reduced to ~10 percent, but
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the shock is broadened over 10h. More regular oscillations appear when the Von
Neumann—Richtmyer viscosity is used. In this case a large fraction of the energy in
the oscillations is associated with a length scale >h and, as a consequence, the
oscillations show up in the p and p profiles. As before the oscillations can be removed
by increasing a sufficiently, but the broadening of the shock front becomes unaccep-
tably large.

For a given a the oscillation increase in amplitude as the magnitude of the initial
discontinuity is increased. In the next section we discuss the construction of an alter-
native artificial viscosity which removes the oscillation while retaining good
resolution of the discontinuities.

4, THE NEW ARTIFICIAL VISCOSITY

The results described in Section 3 show the need for an artificial viscosity which
acts more directly on the relative motion of the particles. The following intuitive
arguments are those that led us to an appropriate form of artificial viscosity.

We need to replace the factor

L)
pi P;

by

p. B

L/, (4.1)

Pi P
where IT;; is the new term which acts as an artificial viscosity. To keep the analysis
simple we confine our attention to motion in one dimension and look for a I7; that is
similar to a bulk viscosity. We expect II;; to be an approximation to

afz_ciav
p ox’

which is sensitive to the relative motion of two particles on a scale <h. Since

v; v;—v; 1 ov;

ov;
Z.;— x'.j =x—u U,-—‘(U,"{'xj,'a_x[""”)]""a?[, (4.2)

we could try

he, v;;
a—L
P Xy

. =—

1y

(4.3)

However, (4.3) has two deficiencies: (a) the x,; in the denominator might lead to a
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viscous force which is too large and (b) IT;;+ /1, so that linear momentum is not
automatically conserved. To correct the first deficiency we replace

1 ’
— by *y (4.4)

2 2
X xj; + ¢h

where 0 <e< 1, and in practice we find ¢ 0.1 is adequate for the numerical
experiments we describe here. When the density contrast is larger a smaller ¢ is
appropriate. The general rule is that if the initial particle separation on the high-
density side is f times that on the low-density side then & ~ /2.

To correct the second deficiency we replace ¢; and p; by ¢; and p;;, respectively,
where, for any function B, we define

= 3(B; + B,). (4.5)
The final expression for I7; is
hé.. DXy
II;= —aﬁ xl-zjt-J{*—Sth > VX < 0,
=0, vix; > 0, (4.6)

where v, %) is used to determine whether dv/0x is positive or negative. The artificial
viscosity is only needed in the latter case. In particle terms the viscosity only operates
on approaching particles. If the kernel is the gaussian (3.6) the total viscous
acceleration is

2ma xj

— W.. 4.7
h 2pux +sh2 y “7)
We can write (4.7) in a form which is simple to interpret by defining
0, =—d> U U_ 4.8
i ﬁij(x?j"'ahz) ( )
and
0;:= Z oy (4.9)
J
With the use of o;; and 6; we can write (4.7) in the form
2mao;
S Ul ) (4.10)
where
Oy
5y = 0 PIAILY (4.11)

o Z.I lj
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Expression (4.10) shows that the viscous force attempts to drive v; to ;, where the
latter is an average velocity taken with weight o,;. Expression (4.10) bears a formal
similarity to the viscosity used by Marder (1975), who, however, uses a different
definition of 7, and a different rule for specifying the coefficient multiplying (v; — 7,).
Furthermore, since Marder uses a grid with approximately 10 particles per cell, the
resolution in his calculations is ~5 times coarser than can be achieved by the SPH

calculations.
In the appendix we show that if A is sufficiently small, and summations are

replaced by integrations, the viscous acceleration is
1 ho ( 3v)
—a——\{pc—|,
2% ox \Pax
which establishes, as expected, that the artificial viscosity is approximately equivalent

to a bulk viscosity in the exact equations.
The energy equation we use is (2.23) with IT;; instead of (g,/p! + q,/p})-

1.2 1.2 T
A
0.8
0.6 \ , \
2 3\ ; \
N S 0.6
N oos 1 \_-___ H 0.6 \
; L : \
P oo - £ o Ny
1 1
] '
0.2 0.2 4 : _______
0.0 — v - v — 0.0 T T T ——
-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 Q.4
X X
0.8 1.4
I,fh-——-—_v.u . J
0.6 I b S
] i |
i €
‘E’ ;’ ¥ 1.2 4
L 0.4 ] R
[ ] o]
¢ 1 / £
T / Yo
A
0.2 !
]
] /,( 1.0
i
0-0
— T r— v T 0.0 e e e —
-0.4 ~0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4
b3

Fig. 2. As for Fig. 1 except that the SPH calculation uses the new artificial viscosity. The kernel is

super gaussian.
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5. NUMERICAL RESULTS — NEW VISCOSITY

The numerical results for the shock tube problem described in Section 3 using the
SPH method with II;; are illustrated in Fig. 2. For this calculation the super gaussian
kernel (3.7) was used. The results are much better than those found using the
standard artificial viscosity. The shock front and contact discontinuity are now
broadened over only 24, which improves on the results discussed in Section 3 and
rivals the best of the methods discussed by Sod (1978). By comparison with the
results in Section 3 oscillations are negligible. The end points of the rarefaction wave
are not perfectly sharp but the error is small.

The pressure profile shows a weak blip at the contact discontinuity. It is due to the
fact that the variable A is discontinuous at the contact discontinuity, and when (4p)
is formed it is inevitable that {p) is slightly lower to the left of the contact discon-
tinuity, and slightly higher to the right. This blip increases with increase in the jump
in A at the contact discontinuity, but it has a negligible effect on the motion.

In recent experiments we have found that if the pressure acceleration term Vp/p is

written in the form

P’ H{V(4p)+ (y— 1) AVp}

TN S

<—A-ZMmo
o o
] )
* s
P
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2
¢
E?Zl
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i
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b i
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FiGc. 3. As for Fig. 2 except that a normal gaussian kernel was used.
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the resulting equations of motion give results comparable in accuracy to those
described here without the blip in the pressure curve.

In Fig. 3 we show the results for the same problem using the gaussian kernel (3.6).
The shock front and contact discontinuity are now broadened over 3h, and the end
points of the rarefaction wave are more rounded. If the same kernel is used with the
standard viscosities the results are inferior to those shown in Fig. 3 and they show the
excessive oscillation in the velocity already noted in Section 3. These results might be
expected because the standard gaussian kernel interpolates with lower accuracy than
the super gaussian kernel. However, a priori estimates of accuracy are difficult
because in particle methods there are two sources of interpolation error. One of these
is the truncation error known to be greater for the standard gaussian kernel. The
other source of error is the estimate of integrals by sums, as in passing from (2.1) to
(2.4). We are uable to estimate how this latter error is affected by changing the
kernel. It is clear, however, that in practice the super gaussian kernel is superior.

6. GENERALIZATION

The artificial viscosity term can be easily generalized to an arbitrary number of
dimensions by writing it in the form

4 =_ahc,-j____v,.j-r,.j v, -r; <0
i py ri+eh? v
ij ij

=0, v ;>0

2]

T T N SR | LA
02 04 06 08 10 1.2
TIME TIME

FiG. 4. The variation of the z coordinate with time for some selected particles in the three-
dimensional collapse of an isothermal self-gravitating cloud rotating about the z axis. The frame on the
left shows the collapse with no artificial viscosity and illustrates vigorous streaming through the
equatorial plane. The frame on the right shows the collapse when the new artificial viscosity is used in
the z component of the momentum equation. The streaming is now negligible.
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In some problems (for example, the collapse of rotating, self-gravitating clouds)
where the correct transport of angular momentum is important, it is preferable to
include /1; only in the component of the momentum equation which is parallel to the
angular momentum vector (Gingold and Monaghan, 1982), and replace v;; - r;; by
u, - r,, where u; is the velocity component of particle / parallel to the angular
momentum vector. In that context II; has the further advantage that it acts very
effectively to prevent unwanted particle streaming. As an example we show in Fig. 4
the z coordinates for particles in a collapsing, rotating cloud both with and without
the artificial viscosity.

A further extension of the ideas described in Section 4 is to construct a J1; for a
viscosity equivalent to the Von Neumann-Richtmyer viscosity. In one dimension the
appropriate I1;; is

ah’v}
py(xh + eh?)’

where a is a constant.
Experiments with this IT,; produce results very similar to those described in
Section 5.

7. CONCLUSIONS

Our numerical experiments show that it is possible to choose an artificial viscosity
for the particle method SPH which results in negligible post shock oscillations. If a
kernel which interpolates with third-order accuracy is used, the discontinuities are
resolved with an overall accuracy that rivals the best of the methods considered by
Sod (1978), but it is not quite as accurate as Van Leer’s (1979) method. The present
method has the advantage that it is very easy to apply, and its generalization and
application to more than one dimension are straightforward.

APPENDIX

The viscous acceleration in one dimension is

V.W

Cii Ui Xss
a,=mahy LUV v, W, (A.1)

> Py X+ €h?

where V; is now equivalent to 9/0x;. Since the presence of W, limits the contribution
to the summation to those points with x; ~ x; we expand the variables about this
point. Thus

2

X5
vl ==L -, (A.2)

Uy =Xy 2
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@zfgrﬁ(i) . (A.3)
Py Pi 2 \p/;

where, for any function B(x), B = 0B(x;)/éx;. If (A.2) and (A.3) are substituted into
(A.1) and the following results are used,

. VXYW
) lm ZV W, = o, (A4d)
J
and
xi VW,
(ii) ml—i’————m x; V., W,
7 xj+eh ; R

=xmY V,W,;—-V, (m D x, WU)
7

= Xip)i — (xp)i
= {p);. (A.5)
(A.1) becomes (dropping angle brackets for convenience)
ah
~ % ox, (pcv )i + O(R?). (A.6)

The error depends on how well (4) represents A and how well (2.4) approximates
(2.1). The first source of error is a truncation error (Monaghan, 1982) which for the
kernel (3.6) is of order 4% and for the kernel (3.7) is of order A*.
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